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Abstract. We investigate the Bergman kernel function for the intersection of two complex


















< 1} and show deflation type identity between these two domains. Moreover in the
case that q = r = 2 we express the Bergman kernel in terms of the Jacobi polynomials. The
explicit formulas of the Bergman kernel function for these domains enables us to investigate
whether the Bergman kernel has zeros or not. This kind of problem is called a Lu Qi-Keng
problem.
Keywords: Lu Qi-Keng problem; Bergman kernel; Routh-Hurwitz theorem; Jacobi poly-
nomial
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1. Introduction
Let D be a bounded domain in Cn. The Bergman space L2a(D) is the space of all
square integrable holomorphic functions on D. Then the Bergman kernel KD(z, w)




Φj(z)Φj(w), (z, w) ∈ D ×D,
where {Φj(·) : j = 0, 1, 2, . . .} is a complete orthonormal basis for L2a(D). It is defined
for arbitrary bounded domains, but it is hard to obtain concrete representations for
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the Bergman kernel except for special cases like a Hermitian ball or polydisk. Refer
to [6] for more on this topic.
In 2015 in [1] the author of this paper computed the Bergman kernel for Dq,r1 =
{(z1, w1, w2) ∈ C
3 : |z1|
2 + |w1|
q < 1, |z1|
2 + |w2|
r < 1} explicitly. The goal of this
paper is to extend the result in [1] to higher dimensional case, namely to Dq,rn =
{(z, w1, w2) ∈ C
n+2 : |z1|
2 + . . .+ |zn|
2 + |w1|
q < 1, |z1|
2 + . . .+ |zn|
2 + |w2|
r < 1}.
This paper is organized as follows. In Section 2, we compute an explicit for-
mula of the Bergman kernel for Dq,rn and show the deflation identity between do-
mains Dq,rn and D
q,r
1/n = {z = (z1, w1, w2) ∈ C
3 : |z1|
2/n + |w1|
q < 1, |z1|
2/n +
|w2|
r < 1}. In Section 3, we show some relation between the Bergman kernel for D2,2n
and the Jacobi polynomials. In Section 4, we investigate the Lu Qi-Keng prob-
lem for D2,2n . In the final section, we consider the Bergman kernel for Ω
r
n :={
(z, w) ∈ C× Cn : |z|2 + |w1|









2 for each multi-index
κ = (α, γ1, γ2). Since Dq,rn is a complete Reinhardt domain, the collection of {Φκ}
such that each αi > 0 and γj > 0 is a complete orthogonal set for L2(Dq,rn ).












(γ2 + 1)(γ2 + 1)Γ((2γ1 + 2)/q + (2γ2 + 2)/r + |α|+ n+ 1)
,
where |α| = α1 + . . .+ αn.











2γ3 dV (z) dV (w).
Introducing polar coordinates z = reiθ, w1 = s1eiλ1 , w2 = s2eiλ2 and integrating out






2 dV (r) dV (s),
where Re(Dq,rn ) =
{
(r, s) ∈ Rn+ × R
2
+ : ‖r‖
2 + sq1 < 1, ‖r‖
2 + sr2 < 1
}
. Converting









2 dσ(ω) dV (s) d̺,
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where S ∗ Re(Dq,rn ) = {(̺, s) ∈ R+ × R
2
+ : ̺
2 + sq1 < 1, ̺
2 + sr2 < 1}. Using a result
















Γ(αi)/Γ(α1 + . . .+ αn). The next step is integrating out s1 and
s2 variables. As a result, we have
(2π)n+2β(α+ 1)
2n+1(γ1 + 1)(γ2 + 1)
∫ 1
0
̺2|α|+2n−1(1 − ̺2)(2γ1+2)/q+(2γ2+2)/r d̺.
After a little calculation using the well-known fact
∫ 1
0
xa(1 − xp)b dx =
Γ((a+ 1)/p)Γ(b+ 1)
pΓ((a+ 1)/p+ b + 1)
,
we obtain the desired result. 
Now we discuss the Bergman kernel for Dq,rn .
Theorem 1. The Bergman kernel for Dq,rn is given by
KDq,rn ((z, w1, w2), (η, ξ1, ξ2)) =
Lq,rn (a, b)
π










(1− z1η1 − . . .− znηn)
2/r
,
Lq,rn+1(x, y) = (n+ 1)L
q,r











and Lq,r1 (x, y) =
2(q(1− x)(y + 1) + r(x + 1)(1− y))
qr(1 − x)3(1− y)3
.
P r o o f. By Proposition 1, we have









(γ1 + 1)(γ2 + 1)Γ((2γ1 + 2)/q + (2γ2 + 2)/r + |α|+ n+ 1)








where µα = (z1η1)
α1 . . . (znηn)








(γ1 + 1)(γ2 + 1)Γ((2γ1 + 2)/q + (2γ2 + 2)/r + n+ 1)








Lq,rn (x, y) =
∞∑
γ1,γ2=0
(γ1 + 1)(γ2 + 1)Γ((2γ1 + 2)/q + (2γ2 + 2)/r + n+ 1)
Γ((2γ1 + 2)/q + (2γ2 + 2)/r + 1)
xγ1yγ2 .
Using the identity Γ(t+ 1) = tΓ(t) we easily obtain the recursion formula
Lq,rn+1(x, y) = (n+ 1)L
q,r












Lq,r1 (x, y) =
∞∑
γ1,γ2=0










Lq,r1 (x, y) =
2(q(1− x)(y + 1) + r(x + 1)(1− y))
qr(1 − x)3(1− y)3
,
which completes the proof. 
2.1. Deflation. Now we will consider the domains
Dq,r1/n = {(z, w1, w2) ∈ C
3 : |z|2/n + |w1|
q < 1, |z|2/n + |w2|
r < 1}.
Similarly to Section 2, we have








nπ3Γ((2γ1 + 2)/q + (2γ2 + 2)/r + 1)Γ(nα+ n)










(γ1 + 1)(γ2 + 1)Γ((2γ1 + 2)/q + (2γ2 + 2)/r + n+ 1)
π












Comparing the formulas for KDq,r
1/n
and KDq,rn , we obtain the following deflation
identity.






((0, w1, w2), (0, ξ1, ξ2)) = KDq,rn ((0, . . . , 0, w1, w2), (0, . . . , 0, ξ1, ξ2)).
Note that we have some kind of deflation result similar to that obtained in [3].
3. Some representations of Bergman kernel for D2,2n
Jacobi polynomials are a class of classical orthogonal polynomials. They are or-
thogonal with respect to the weight (1 − x)k(1 + x)l on the interval [−1, 1]. For






(1 − z)−k(1 + z)−l
∂
∂zd
((1− z)k(1 + z)l(1− z2)d).
The Jacobi polynomials are defined via the hypergeometric function as










where (k+ 1)d is Pochhammer’s symbol and 2F1 is the Gaussian or ordinary hyper-
geometric function defined for |z| < 1 by the power series






The Appell series F1 defined by
F1(a; b, b








xnym, |x| < 1, |y| < 1
is one of the natural two-variable extensions of the hypergeometric series 2F1.
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The following reduction formulas can be proved (for details see [5], pages 238–239):
F1(a; b, b
′; b+ b′;x, y) = (1− y)−a2F1(a, b; b+ b
′; (x− y)/(1− y)),(3.2)
F1(a; b, b
′; c;x, x) = 2F1(a, b + b
′; c;x).(3.3)
Comparing the functions F1 and L2,2n it is easy to see that
Γ(3 + n)
2
F1(3 + n; 2, 2; 3;x, y) = L
2,2
n (x, y).
The following is the main theorem of this section.
Theorem 2. The Bergman kernel forD2,2n can be expressed in the following ways:
(i)






















(ii) For every m ∈ N ∪ {0}, we have
KD2,2
2m+1
((0, w1, w2), (0, ξ1, ξ2)) =
Cm(2 +m)(2− ν1 − ν2)P
(3/2,1/2)
m ((x′ + 1)/(1− x′))
π




m ((x′ + 1)/(1− x′))
π
2m+3(1− ν1 − ν2 − ν1ν2)m+2
,
where ν1 = w1ξ1, ν2 = w2ξ2, x
′ = (ν1 − ν2)
2/(2− ν1 − ν2)
2 and Cm =
Γ(4 + 2m)m!/(6(52 )m).
(iii) For every m ∈ N, we have
KD2,2
2m




m ((x′ + 1)/(1− x′))− (2− ν1 − ν2)P
(3/2,1/2)
m−1 ((x
′ + 1)/(1− x′))
π
2m+26(52 )m−1(1− ν1 − ν2 − ν1ν2)
m+2
.
(iv) If w1ξ1 = w2ξ2 then
KD2,2n ((0, w1, w2), (0, ξ1, ξ2)) =




P r o o f. For the proof of (i), if we apply the recursion formula (see [8])
F1(a+ n; b, b















× xiykF1(a+ i + k; b+ i, b
′ + k; c+ i+ k;x, y),
542
then using the formula
F1(3 + i+ k; 2 + i, 2 + k; 3 + i+ k;x, y) =
1
(1 − x)2+i(1− y)2+k
we obtain (i).
In order to prove the second statement we need the well-known contiguous relation
cF1(a; b, b
′; c;x, y)− (c− a)F1(a; b, b
′; c+ 1;x, y)
−aF1(a+ 1; b, b
′; c+ 1;x, y) = 0.
It follows that
F1(4 + 2m; 2, 2; 3;x, y) = −
2m+ 1
3




F1(2m+ 5; 2, 2; 4;x, y).
By (3.2), we have



















Then by (for details see [5], page 66)

















































where x′ = (x− y)2/(2− x− y)2. Next by (for details see [5], page 64)
















we can easily get
F1(4 + 2m; 2, 2; 3;x, y)
= −
2m+ 1











(2 +m)(2− x− y)














Finally, by (3.1) we obtain (ii). The formula (iii) can be obtained by the same method
and we omit the details. Now we will prove (iv). This is a formal exercise but we
include it for completeness: From (3.3)
F1(3 + n; 2, 2; 3;x, y) = 2F1(3 + n, 4; 3;x).
Now it is relatively easy to compute the following result:




Thus we have proved (iv). 
4. Lu Qi-Keng problem
The explicit formula of the Bergman kernel function for the domains Dq,rn enables
us to investigate whether the Bergman kernel has zeros in Dq,rn ×D
q,r
n or not. We will
call this kind of problem a Lu Qi-Keng problem. If the Bergman kernel for a bounded
domain has no zeros, then the domain will be called a Lu Qi-Keng domain.
By Theorem 1.2 from [1] if n = 1, then Dq,rn is a Lu Qi-Keng domain for all
positive real numbers q and r. Combining the deflation identity (Proposition 3) and
Proposition 4.4 from [1], if n = 2 and q = r, then Dr,r2 is not a Lu Qi-Keng domain.
Using the same method as in [1] we will prove that it is also true for n = 3.
Denote
G(x, y) = 3r3(1− x)3(1− y)3 + 22r2(1− x)2(1 − y)2(1− xy)
+ 24r(1− x)(1 − y)(x(2x+ 1)y2 + (x− 8)xy + x+ y + 2)







the Bergman kernel KDr,r
3
has a zero inside Dr,r2 ×D
r,r
2 if the polynomial G(εx, εy)
does not satisfy the stability property (see [1], for details) for some 0 < ε < 1.







= d(z) = d3z
3 + d2z
2 + d1z + d0,
where
d0 = 3r
3(−1 + t)3 − 22r2(−1 + t)2t+ 24rt(−1− t+ 2t2)− 8t(1 + 7t+ 4t2),
d1 = 8− 9r
3(−1 + t)3 + 336t2 − 56t3 + 22r2(−1 + t)2(1 + 2t)
− 24r(1− 10t+ 8t2 + t3),
d2 = 9r
3(−1 + t)3 − 22r2(2− 3t+ t3)− 8(−7 + 42t+ t3)
− 24r(1 + 8t− 10t2 + t3),
d3 = 22r
2(−1 + t)2 − 3r3(−1 + t)3 − 24r(−2 + t+ t2) + 8(4 + 7t+ t2)
and t = eiη.












(dm−j+ldm−k+l−dj−ldk−l), where 1 6 j 6 k. The matrixM(eiη) is defined
when j > k to become Hermitian. After some calculation (with help of a computer
program Maple or Mathematica), we have









g0(r) = 26624− 24672r
2 + 15724r4 − 2430r6,
g1(r) = 12288 + 22496r
2 − 20822r4 + 3645r6,
g2(r) = −512 + 2208r
2 + 5012r4 − 1458r6,
g3(r) = r






it is easy to see that for every r > 0 there exists η such that detM(eiη) < 0. Hence
there exists 1 > ε > 0 such that the polynomial G(εx, εy) does not satisfy the
stability property (see [7]). As a consequence of the above consideration, we have
the following corollary
Corollary 1. For any r > 0, the domains Dr,r3 and D
r,r
1/3 are not Lu Qi-Keng.
Now we will study the Lu Qi-Keng problem for D2,2n in the case when n > 3. By
representation (iv) from Theorem 2
KD2,2n ((0, w1, w1), (0, ξ1, ξ1)) =




























For brevity, we shall summarize these last statements by
Proposition 4. The domain D2,2n is Lu Qi-Keng if and only if n = 1.
At the end of this section we would like to present the following relations between
zeros of the Bergman kernel for the domains Dq,rn and D
q,r
1/n.
Proposition 5. For any positive real numbers q and r
(i) if KDq,rn has zeros, then KDq,r1/n also has zeros,
(ii) if Dq,r1/n is a Lu Qi-Keng domain, then D
q,r
n is a Lu Qi-Keng domain.
P r o o f. Note that the zero set is a bi-holomorphic invariant object. Hence any
point (z, w1, w2) ∈ Dq,rn can be mapped equivalently onto the form (0, w̃1, w̃2) by the
automorphism of the Dq,rn
























Therefore, we need only to consider the zeroes restricted to {0} × D × D, where
D := {z ∈ C : |z| < 1}. The results now follow from Proposition 3. 
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5. Additional results
Our purpose in this section is to consider domains Ωrn defined for every positive
real number r by
Ωrn :=
{
(z, w) ∈ C× Cn : |z|2 + |w1|




The reader can see that the following proposition is completely analogous to the
results presented earlier.




























Now we will give an explicit formula for the kernel KΩrn of Ω
r
n.
Theorem 3. If w, ζ ∈ Dn, then the Bergman kernel for Ωrn is
π








r(1 − ν1)2 . . . (1− νn)2(1− νk)
,
where νk = wkζk for k = 1, . . . , n. Moreover, if ν1 = ν2 = . . . = νn, then
π
n+1KΩrn((0, w), (0, ζ)) =
(2n− r)ν1 + 2n+ r
r(1 − ν1)2n+1
.
P r o o f. As a consequence of Proposition 6, we have
π























where νβ = νβ11 . . . ν
βn
n . Then, using the fact that aΓ(a) = Γ(a+ 1),
π


























where β0 = r/2− 1. After some calculation using the formulas
∞∑
m=0







we obtain the desired formula. 
5.1. Zeros of Bergman kernels on Ωrn. In this subsection, we will prove that
the Bergman kernel function of Ωrn for any natural number n and positive real number
r is zero-free.
Proposition 7. For any positive integer n, the domain Ωrn is a Lu Qi-Keng do-
main.
P r o o f. It is obvious that the Bergman kernel for Ωr1 has no zeros. The Bergman













































if (ν1, . . . , νn) ∈ Dn. The proof is therefore complete. 
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